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Abstract In this paper, we introduce an improved Chemostat model with Crowley—
Martin type functional response and time delays. By constructing Lyapunov function-
als, the global asymptotic stability of the equilibria is shown in the case of a single
species. The conditions for the global asymptotical stability of the model with time
delays are obtained via monotone dynamical systems in the case of two species. Our
results demonstrate that the effects of predator interference may result in coexistence
of two species.
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1 Introduction and statement of improved model

Many kinds of Chemostat models have been studied extensively by the specialists
[1,2]. There have been quite a few studies of Chemostat competition models ([1-7],
and the references there in). Almost all these papers prove that the principle of com-
petitive exclusion holds. That is to say, at most one species can survive. It is known
that there is not only competition between two-species but also mutual interference
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in a species. Considering mutual interference in a species, Yuan and Qiu [8], Qiu et
al. [9], Pang and Chen [10] studied Chemostat models with Beddington—DeAngelis
functional response. Yuan and Qiu [8] and Qiu et al. [9] demonstrated that mutual
interference in a species may result in coexistence of two species. The Beddington—
DeAngelis functional response is similar to the well-known Holling type II functional
response but has an extra term in the denominator that models mutual interference
in a species. In this model, individuals from a population of two or more predators
not only allocate time to searching for and processing prey, but also spend some time
engaging in encounters with other predators, resulting in a functional response that
gives an instantaneous. The models with Beddington—DeAngelis functional response
assume that handling and interfering are exclusive activities [11]. Crowley and Martin
[12] removed that assumption in what they called their “preemption” model, allowing
for interference among predators regardless of whether a particular individual is cur-
rently handling prey or searching for prey [13]. The Crowley—Martin type functional
response is classified as one of predator-dependent functional response, i.e., that are
functions of both prey and predator abundance because of predator interference. It is
assumed that predator-feeding rate decreases by higher predator density even when
prey density is high, and therefore the effects of predator interference in feeding rate
remain important all the time whether an individual predator is handling or searching
for a prey at a given instant of time. The per capita feeding rate in this formulation in
given by

wX
1+aX +bY +abXyY’

n(X,Y) =

where w, a, b are positive parameters that describe the effects of capture rate, han-
dling time and the magnitude of interference among predators, respectively, on the
feeding rate. Obviously, if a = 0, b = 0, then Crowley—Martin type functional
response reduces to a linear mass-action function response (or Holling type I functional
response); if a > 0, b = 0, then Crowley—Martin type functional response reduces
to a Michaelis—Menten (or Holling type II) functional response [14]. The Crowley—
Martin functional response is different from the traditional monotone or non-monotone
functional response in Chemostat systems. The predator—prey relationship also exists
between the nutrient concentration and the microorganism, the Crowley—Martin the-
ory may work in the experiment of the microbial continuous culture. In 2011, Sun
considered a class of Chemostat model with Crowley—Martin functional response, by
use of qualitative theory of ordinary differential equations, they got the conditions of

the micro-organism culture for success and failure [15].

It is well-known that the existence of time delays is inevitable in biology [16]. In
recent years, Chemostat models with time delays that account for the time lapsing
between the uptakes of nutrient by cells and the incorporation of this nutrient as
biomass have been given much attention ([3,17, 18], and the references there in). As
far as we know, there are almost no literatures to discuss the Chemostat competition
model with Crowley—Martin type functional response and time delays. In this paper,
we will consider the following Chemostat system:
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S(t) = 0(Sy — S(t)) — @1 SO X1 (1) @25 Xa(1)

AR SO0 X1 BT OS]~ BRSO Xa0) +ab a3 0
t—1) X (t—1

X1(1) = —0X1(0) + ™" s hR, (e e RS aa

Xz(l) — _QXZ(t) +e” (012} nS(t=1)Xo(t=12)

14+arS(t—12)+by X (t—12)+arby X2 (1 —12)S(t—12) °

(1.1

where S(t), X1(¢) and X,(¢) denote concentrations of the nutrient and the microor-
ganism at time ¢ respectively; So denotes the input concentration of nutrient; Q denotes
the volumetric dilution rate (flow rate/volume); constant «, § denote the yield of the
nutrient, moreover, 0 < «, 8 < 1; the function u(S, X;) = w; Xi/(1 +a; S + b; X; +
aib; X;S), (i = 1,2) denotes the growth rate of the microorganism (i.e., Crowley—
Martin type functional response); each constant t;, (i = 1, 2) represents the time
delays involved in the conversion of the nutrient to viable species. Usually, as dis-
cussed in [3-6], the constant o;; = e~ 2% and so «;x; (t — ;) represents the biomass
of those microorganisms in species x; that consume nutrient t; units of time prior to
time ¢ and that survive in the chemostat the 7; units of time necessary to complete
the nutrient conversion process. However, in the proofs of this paper, we need only
require that the constant «; be positive, or even «; independent of 7; are permitted.

The paper is organized as follows. In Sect. 2, we state preliminary results. In Sect.
3, we consider the asymptotic behavior of the model with a single species. In Sect.
4, we consider the global asymptotic behavior of two species. We conclude the paper
with a discussion in Sect. 5.

2 Preliminary analysis

In this section, we present the basic results on the boundedness of positive solutions
and the existence of equilibria. For simplicity, we nondimensionalize the system (1.1)
with the following scaling X| = aSox1, X2 = BSox2, S = Soy,t =T/0, 1 =1;/0,
and still denotes 7 with ¢, #; with 7; then the system (1.1) takes the form

N _ X (DY) _ x(0)y(0)
YO =1=y0) — 238501 I Dm0~ AT By Cona ) Do 3@
X1(t) = —x1 (1) + ajx (t—1)y(t—11)

1 1 Al+Bly(f—fl)+C1X(}(I—T)1)(':‘D1xl([—Tl)y(t—fl)’

. _ arx2(t—1)y(t—12
0) =-—xn®) + Ar+Bry(t—12)+Crxa(t—12)+D2xa (t—12) y (1 —72)

2.1

where A; = Q/(Sow1), A2 = Q/(Sow2), Bi = Qaij/wy, B = Qax/wy,
= Qbia/wi, C3 = Qbrf/wr, D1 = Qa1b1Soa/w1, Dy = QaxbySof/wr and
the initial conditions of (2.1) are

YO =ot) =0, x1(t) =@i1(t) >0, x2(t) = (t) >0,
o+l + 93 #0, te[-7,0] (2.2)

where T = max{ty, 12}.
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Theorem 2.1 The solution (y(t), x1(t), x2(t)) of system (2.1) with the initial condition
(2.2) is existent and non-negative on [0, 400). Moreover,

x1(t+ 1) " x2(t + 12)
(¢%)

y() + =1-+¢&().

Proof From the theory of local existence of solutions of general functional differential
equations [16], it has that y(¢), x1 (¢) and x> (¢) are existent on [0, v) for some positive
constant v. Let us first show that y(¢) > 0 for ¢t € (0, v). In fact, if not so, by ¢(¢) > 0
and the continuity of y(¢), there must be #; > 0 such that

y(#) =0, y(t;) <0, and y(t) >0 (-7t <t=<1t),

where y(z1) denotes the right-hand derivative at t = ¢y, if 1 = 0. Hence, by the first
equation of system (2.1), it has that

2

Y =1—=y@) -

i=1

a;x; (1) y(t)

= 1 > 0
A + Biy(t1) + Cixi(t1) + Dix;(t1)y(t1)

This is a contradiction to y(¢;) < 0. This shows that y(¢) > 0 for any ¢ € (0, v).
We further show that x;(r) > 0, (i = 1,2) for any ¢ € [0, v). If not so, from
continuity of x; (#) on [—1;, v) and ¢ being constant, there must exist #» > 0 such that

xi() <0, Xi(rz) <0, and x;(r, —¢) >0,

where X;(f;) denotes the right-hand derivative at r = f,, if 1, = 0. Hence, it follows
from the first equation of system (2.1), it has that

. Xi(—1)y(t2—7;)
Xi ()= —xi(t2)= — x; (12)>0.
Ai+B;y(t,—1)+Cixi(tr—1;)+D;x; (t2—1;) y(12—7;)

This is a contradiction to x;(f;) < 0. Therefore, it has that x;(¢) > 0, (i = 1, 2) for
any ¢t € [0, v).

Next, letus prove that y(¢), x1(¢) and x,(¢) are bounded. Let z(z) = y(¢)+ %T”) +
)%;’m. From (2.1) we obtain 7' () = 1 —z(t), from which we obtain z(z) = 1 +¢(z),
where ¢(¢) = (z(0) — 1)e™" and &(t) — 0 exponentially as t — +o00. Therefore,

x1(t+11) + x2(t + 1)
o a

y(t) + =14¢€(),

which implies that the positive solutions of system (2.1) are bounded. Especially, the
solution (y(t), x1(t), x2(¢)) is bounded on finite interval [0, v). Therefore, it follows
from the theory of continuation of solutions for functional differential equations [16]
that the solution (y(#), x1(¢), x2(¢)) is existent and non-negative on [0, +00). This
completes the proof of Theorem 2.1.
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Yiy2
ny2tvity, —

9 =1, 0= 91 = 5. 0 <9 < %5} is positively invariant under (2.1),

where y; = (A; (Ci + D;) + «;C;)/ai, i = 1,2. Moreover,

Theorem 2.2 The positive quadrant Q = {¢ = (¢o, ¢1, ¢2) € C|

lim su 1) <1, limsupx;(t) < , limsupx(t) < —————.
t»+o§y()_ t»+o<? 1) Ci1+ D t»+o£) 2() Cr+ Dy

Proof For any ¢ = (¢o, @1, ¢2) € Q, let (y(¢), x1(t), x2(¢)) be the solution of (2.1)
with the initial function ¢. From Theorem 2.1, we have that for any 7 > 0, y(t) < 1,
x; (1) >0, (i =1, 2).Now, we will prove thatforany t > 0, x; (t) < %, i=12).
If not so, there is a t3 > 0, such that x; () < Ci(‘xf'[Di (t < 13), xi(13) = ﬁ and
Xi(t3) = 0. From the second and the third equations of (2.1), we have

xi(t3 — 1)y(ts — 1)

Xi(13) = —x;(13) +
’ ’ Ai + Biy(ts — 7) + Cixi(ts — 1) + Dixi(t3 — 1) y(t3 — 7;)

< i) + xi(t3 — 1)

- Ai + B; + (C; + Di)xi(t3 — 7;)
X;(t

< —x;(3) + 1{03)

A; + Bi + (Ci + Di)x(t3)
o o
- o (_1 n —) <0,
Ci+ D; Ai+ B+«
which is a contradiction to x; (f3) > 0. Moreover, by simple computation, we can get

. . a1 . [0%)
lim su t) <1, limsupxi(t) < —, limsupxp(t) < —————.
ymsepy() =1 lmsupa () < o Imswp () < e mr

Next, we show that for any t > 0, y(¢) > %, where y; = (A;(C; + D)

Y
+ «;C;)/ai, i =1, 2. From the first equation o% (2.1), we have

o
. C1+Dy y(t)
J() = 1=y -
AL+ Biy(n) + &85 + &5 0)
SEIIPAY)

Az + Bay() + 825 + 8250
> (1 n “ + % ) (1)
= A (CI+ D) +a1Cr - A (Cat D) +aaCr )

Hence, y(1) = ;=B — (y; = (Ai(Ci + Di) + ;Cj) Jei, i = 1,2), forany ¢ > 0.
Therefore, €2 is positively invariant with respect to (2.1). This completes the proof of

Theorem 2.2.
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Let
(Al) A1+ By < ay;
(A2) Ax + By < ap;
(A3) (a1 — Bpy* — A1 >0;
(A4) (a2 — Ba)y* — A2 > 0,
where 3‘)* ;ienotes the unique positive root of A(y) = 1 —y — %
o
B azz}(T-iz-Dz;)y =01in (0, 1). We have

Theorem 2.3 (1) (2.1) always has a washout equilibrium Ey = (1, 0, 0).

(2) The boundary equilibrium E19 = (y},a1(1 — y),0) exists if (Al) holds; the
boundary equilibrium E»y = (yz, 0, ar(1 — Y2)) exists if (A2) holds, where yl
denotes the unique positive root of f(y) = D,~ot,-y2 + (a; — Bi + Ciaj — D)y

— (A + Cia;) =0,i=1,2in (0, 1).
(3) The unique positive equilibrium E* = (y*, Q=B —A1 (02— Bay" sy picy if

C1+Dyy* Cr+Dyy*
conditions (Al)—(A4) hold.
Proof An equilibrium point must satisfy the following equations:
0=1-— X1y X2y
- A1+Bly+C1x1+D1x1y T Ay +Byy+Caxa+Daxay’
0=—x + A1+Bl)+C1x1+D1x1) (23)
0=

—X2+ A2+Bzy+C2x2+D2x2y

We can get the washout solution Ey = (1, 0, 0) easily.
As far as the boundary equilibria are concerned, from (2.3), we have

1 — y xl — %2 = O

%3 ’
alY—A1+Bl)’+C1x1+D1xl)’» 24
ary = Az + By + Coxp + Daxoy.

Thus, the analysis of the equation D;a; y>+(ot; — Bi +Ciot; — Do) y—(A; +Cia;) = 0
(i =1, 2) is needed. We define

f() = Diaiy* + (i — B; + Cio; — Dicij)y — (A + Ciai) =0 (i =1,2).
Because
f0) =—(A;i+ Ciaj) <0, f() =i —(A; +Bi) (i =12).
Thus, if A; + B; < «;(i = 1,2), f(1) > 0, there exists a unique positive root in
(0,1). We denote y; € (0,1) (i = 1,2) as the positive root of f(y), and denote
Ejo = (yf,a1(1 =y7),0) and Exp = (¥5, 0, aza(1 — y3)) as the boundary equilibria.

As far as the positive equilibrium, from (2.3), we obtain

a1y — Ay — By _ay— Ay — By

X = , X =
Ci+ Dyy Cr+ Doy
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We define
ary — A — By  axy — Ay — By
h(y)=1—-y— - .
a1(Cy + Dyy) a2(C2 + Day)
Because
A A — A — B — A — B
hO) = 1+ Ly A -0 h(l):_al 1 1o 2 2’
a1Cr () a1(Cy + Dy) a(Cy + Do)
h/(y) - - a1C; — B1Cy+ A1 D _ o2Cyr — BoCy + Ay Dy
a1(Cy + Dyy)? a2(Cy + Dyy)?

If conditions (A1)—(A4) hold, 2(1) < 0, #/(y) < 0. Hence, there exists a unique
positive equilibrium, we denote itas E* = (y*, (“'C_ITB; y:Al, (azc_zl_gf)D};y:Az), where,
y* is the unique positive root of 4(y) in (0, 1). This completes the proof of Theorem

2.3.

3 The case of a single species

In this section, we analyze the asymptotic behavior of delay models with a single
species. Consider the delay models with a single species of the form

Sy 1 _ X1 (0)y ()
YO =1=y0 = mxpsmromobm o 3.1
X1(0) = —x1 (1) + apx (t—t)y(t—11) '
1 1 A1+ Bry(—t)+Crxi(t—t)+Dix1 (1—7) y(t—71)°

From Theorem 2.2, it is enough to consider (3.1) on €2. For the asymptotical stability
of the equilibria, we have the following theorems.

Theorem 3.1 (1) When A1+ By > «y, the equilibrium Ey = (1, 0) is locally asymp-
totically stable for any time delay 11 > 0; when A1 + By < «y, the equilibrium
Eo = (1, 0) is unstable for any time delay t1 > 0, when A1+ B = «y, the trivial
solution of the linearization system of (3.1) about Ey = (1, 0) is stable.

(2) Ei9 = (yik, a1 (1— yf)) is locally asymptotically stable for any time delay t; > 0,
as long as it exits.

Proof Let E = (9, X1) be arbitrary equilibrium. Then the characteristic equation
about E = (y, X1) is given by

A+1+AA+1—a1Ce™) +a1ACe™7 =0, (3.2)

where

_ (A + Ci5)x Co (A1 + B13))
(A1 + B1y + Ci%1 + D1x19)?’ (A1 + B1y + Ci1%1 + D1519)*
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For the washout equilibrium Eg = (1,0),then A =0, C = m and (3.2) reduces
to
A+1) (/\ +1-— “—‘e—“l) =0. (3.3)
A1+ By

It follows from [16] that

(i) If A1 4+ By > «, all roots of (3.3) have negative real parts for any time delay
71 > 0, then Eg = (1, 0) is locally asymptotically stable;
(1) If A1 4 B1 < a1, (3.3) has roots which have positive real parts for any time delay
71 > 0, then Ey = (1, 0) is unstable;
(iii) If A; + B1 = a1, it has that except A = 0, any roots of (3.3) have negative real part
for any time delay 71 > 0. Hence, the trivial solution of the linearization system
of (3.1) about Eg = (1, 0) is stable.

For the equilibrium Ejg = (y], a1(1 — y})), from [15], E10 = (3], a1 (1 — y7))
is locally asymptotically stable for 7y = 0. By simple computations, it easily has that
(3.2) doesn’t has imaginary solution, then the stability of (3.1) does not change for
any time delay r; > 0. Hence, Eg is locally asymptotically stable for any time delay
71 > 0, as long as it exits. This completes the proof of Theorem 3.1.

Theorem 3.2 For any time delay t1 > 0, Ey = (1,0) is globally asymptotically
stable for A1 + By > «y and globally attractive for A1 + B = ;.

Proof We shall use Lyapunove—LaSalle invariance principle [16] to prove Theorem
3.2. Let us define a functional V on 2 as follows,

0
V(¢)=061§01(0)+061/<p1(9)d9- (34

-1

It is clear that V (¢) is continuous on the subset 2 and that the derivative of V (¢)
along the solution of (3.1) satisfies

V@)laa = a1¢1(0) + 191 (0) — 191 (—71)
afxi(t — )yt — 1)
— —ox(t —11)
Ay + Byt — 1) + Cix1(t — 1) + Dix1(t — 1)y (t — 11)
_aip(=t)—A1—Biga(—11) — Cip1(—11) — Dl<.01(—tl)tpz(—fl)awl(_n)
Ay + Biga(—11) + Cro1(=71) + D1g1 (=t @2 (—11)
_ (a1 — A1 — B@a(=711) — Cro1(—=71) — D11 (=11)¢92(—71)

Ay + Bipa(—11) + Cro1(—=71) + D1g1 (=11 92(—=11)

a191(—11)(3.5)

When Ay + By > ay, (a1 — A1 — B)@a(=11) — C191(—=71) — D1g1 (—=t)g2(—71) <
0. Hence, it has that for any time delay 71 > 0, V(¢)|3.1) < 0. This shows that

V() is a Lyapunov functional of (3.1) on the subset 2. Define the subset G of 2 as
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G = {p € QV(9p)|3.1) = 0}, form (3.5), it has that

G={peQlpi(-11) =0 or (a1 —A| — B)ga(—11) — Crp1(—11)
—Doi(—t)@2(—71) = 0}. (3.6)

Let M be the largest set in €2 which is invariant with respect to (3.1). Clearly, M is
not empty since Eg € M. We have two cases to be discussed.

ey

(@)

If A1+ B > a1, (@1 — A1 = B)g2(—11) = Cro1(—=11) = D11 (—=t1)g2(—71) < 0.
Hence, G = {¢ € Q|¢1(—11) = 0}. For any ¢ € M, let (y(¢), x1(¢)) be the
solution of (3.1) with the initial function ¢. From the invariance of M, it has that
(yr,x;) € M C Eforanyr € R.Thus,x1(t—11) = Oforany¢ € R, whichimplies
that x(t) = 0 and ¢ = 0 for any ¢ € R. From the first equation of system (3.1),
it has that y(f) = 1 — y(¢) for any r € R. Since y(t) — 1 as t — 4o00. Hence,
@2 = 1. Therefore, M = {(0, 1)} = {Eo}. The classical Liapunov-LaSalle
invariance principle [16] shows that Ej is globally attractive for any time delay
71 > 0. It follows from Theorem 3.1 that the washout equilibrium E of (3.1) is
globally asymptotically stable for any time delay 77 > 0.

If Ay + By = aj, it has that (¢; — A1 — Bpe(—11) — Cro1(—11)
— Dip1(—t))@pa(—11) = —(C1 + D1ga(—11))p1(—71) = 0 is equivalent to
¢1(—711) = 0. By repeating the proof of case (1), it also has that M = {Ey}.
It follows from the Liapuynov—LaSalle invariance principle that Eg is globally
attractive for any time delay 71 > 0. This completes the proof of Theorem 3.2.

Theorem 3.3 If the function g(x1(¢), y(t)) is satisfied with

(g(x7, ¥") — g(x1 (1), () (g (xT, y(1)) — g(x1(1), y(1))) <0, (3.7

then, E1g = (y*, x{) is globally asymptotically stable for any time delay 1 > 0 and
A1 + By < ay, where

x1()y(®)
A1+ Biy(@) + Cixi (1) + Dixi () y (1)

g1 (0), y(@) =

Proof To prove global stability of the positive equilibrium, be inspired by Huang and
Takeuchi [19], we define a Lyapunov functional

V=V+V+ Vs, (3.8)
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where
ety 0)
8y, Y * wq. X1
Vi =a1y(@) — *—(x/—d 4+ x1(t) —x7 —x7 In ——,
1 1y@) —y 1 eGr E) &E+x1() — x 1 o
y*

7
t—90 t—0
V2 g(xik,y*)/ ()L*) —1—In L*)) do,
) X X

71
Vs = arg(xf, y*)/ (g(xl(t - 9*)’ YEZO) g g 8 9*)’ Y- 9))) do.
8. y") g(xf, y*)

The time derivative of V; along solution of (3.1) is given by

dV y(t)) ( g(xt, y%) ) . e 18Xy
= 1- A LA Sy A8 Y
T e =y ( > Gty ) T T T

a1g(xy, y*)g(x1 (1), y())
g(xf, y(1)

arxfgr(t — )yt —w) |

x1(1) a

+argx1(t — 1), y(t — 71))

—a18(x1(1), y(1)) +

—x1(f) —

Notice g(x}, y*) = Z—‘l, the derivative of V; and V3 satisfy

71
dVvs « w d /xl(t—e) x1(t — )
T — | ———-1-In=———db
dt alg(x ) ) _xik n xi“
d xi(r — tr—0
= a1g(x{, *)/ xl( —1—1In L*)dg
1 X
d xi(t - r—0
= —aig(xf, y* )/ =0y =0 g
1 X
x1(t—t
= —x1(t — 1)) +x1() + 1g(x}, y) In M
x1(1)
avs * %k
= —a1gx1(t — 1), y(t — 1) +a18(x1 (1), y()) + a1 g(x7, y*)

gx1(t — 1), yt — 1)

X In
g(x1(0), y(1))
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Hence, the time derivative of V along solution of (3.1) is given by

av ' @fy®) 18> (0%
T (B yyg})(l ORI ) gty - AEEE YD

g7, y®) gt y(®)
gt g Oy 0) g gl -t y-T)
gLy (1) A X1

Xt — 1)) e e GO — 1), ¥t — 1))
_ s 1
@ Ty T e )

-~ (l_ym) (1_ g6, ") )+a1g<xf, Y (mz—m g1t — 7). y(t — r])))

+a1g(+}, y") In

y* gy, y (@) x1(t) g(x1 (1), y())

.o gOT YY) gl t—t), y(t—11)  x1(t=11) | g1 (1), y(1))
x| 2= - - :
gy )X( 20, y() 0 S RGE ) )
Here by using
N (xl(t —n) gl —m),y0 - Tl)))
x1(t) g(x1(0), y())
glx1(t — 1), y(t — 1)) xi(t —11) g(xy, yHg(xt, y())
=In +1n - In - ,
x1(t) x) gxT, y())gx1 (1), y(1))
7|%1 =apy* (1 y(t))( 7g(xf,y*)>
eb g(xp. y(0)
Fang (el v (1 gt =),y —m) el = 1)yt = Tl))) 3.9)
x1(t) x1(1)
Farg(xl, y¥) (1 x‘(’ —W xl(tx: ”)) (3.10)
1
FangGel, y (1 g(xl, ) 8k y®) ln( g(Jil,y) 8Ly, y®) ))(3'11)
g(xl, y(@) g (), y(1) glxf, y(0) glxi(n), y(1)

tang(xl, v (_1+ 8B,y g y(@®) gL y) +g(x1(t),y(t))). 3.12)

G y(®) gai@®),y®)  gGT.y@®) Gy, y(®)
From the monotonicity of the function g(x, y) with respect to y, we have

(1 B y(t)) (1 &Gy ) <o,
y* g(xy, y()

and from the condition (3.8), we have

g(xf,y*)( g()ii‘,y*) N g(xl(*t),y(t))) ( gOiy(@) 1) <o
glxy, y() gxy, y(@®) g(x1(0), y(1))

Since the function f(x) = 1 — x — Inx is always non-positive for any x > 0, and
f(x) = 0if and only if x = 1. Therefore, the terms (3.10)—(3.12) are always non-
positive.
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Hence, the functional V satisfies all the conditions of Kuang [16, Corollary 5.2,
p. 30]. This proves that Ejq is globally asymptotically stable under the conditions
A1 + By < a1 and (3.8). It completes the proof of Theorem 3.3.

4 The case of two species

In this section, we will use the same method as [9] to study the globally asymptotic
behavior of system (2.1). In what follows, we state three elementary lemmas, which
will prove to be useful.

Lemma 1l [5] Let f : R™ — R™ be a dierentiable function. If liminf,_, { f(t) <
limsup,_, o, f(?), then there are sequences {t,} 1 +00 and {s;,} 1 +00 such that
forallm

f(tn) — limsup £(t) as m — +oo, f'(tn) =0,

t—+00

fGm) — ltlgligof @) as m— +oo, f'(sm) =0.

Lemma 2 [5] Let a € (—o0,400), and f : [a,4+00) — R be a differentiable
Sfunction. Iflim;_, 1 o, f (1) exists (finite) and the derivative function f'(t) is uniformly
continuous on (a, +00), then, lim;_, y f(t) = 0.

Let X be a complete metric space. Suppose that X° X, Xo € X, X" Xo = 0.
Assume that T (t) is a Cy semi-group on X satisfying

T@) : X0 — xO,
T(t): Xog — Xp.

Let Ty(t) = T(t)|x, and let Ap, be the global attractor for Tj(t). Ap = U

will be called acyclic if there exists some isolated covering M = U?:l M; of Ay such
that no subset of the Ms forms a cycle. An isolated covering satisfying this condition
will be called acyclic.

X€E€Ap (,()(X)

Lemma 3 [21] Suppose that T (t) satisfies (4.1). If

(i) Thereis atg > 0 such that T (t) is compact for t > tg.
(ii) T(t) is point dissipative in X.
(iii) Ayp is isolated and has an acyclic covering M where

M = {M17M2a "'9Ml‘l}'

(iv) WM X0 =0 fori =1,2,...,n.

Then X is a uniform repellor with respect to X 0 j.e., there is an ¢ > 0 such that
for any x € X0, lim inf; 450 d(T(¢)x, X9) > €, where d is the distance of T (t)x
from Xo.
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Theorem 4.1 If conditions (Al)—(A4) hold, then system (2.1) is uniformly persistent,
i.e., there exists a constant y > 0, independent of initial conditions, such that

1t1£)n+lgof S@) >y, 1t1£)n+lgofx1(t) >y, ltlglﬁggxz(t) > .

Proof We begin by showing that the boundary planes of Ri repel the positive solutions
to system (2.1) uniformly. Let us choose

Wi = {(g0, 91, 92) € CT([—7, 01, R3) : () = 0,6 € [—7, 0]}

fori =0,1,2.1f Xo = Wo [ Wi U W2 and X° = intC([—7, 0], R3), it suffices to
show that there exists an yp > 0 such that any solution x; of system (2.1) initiating from
X 0, liminf,_, 4 o d(x;, X0) > yp. To this end, we verify below that the conditions
of Lemma 3 are satisfied. It is easy to see that Xo and X° are positively invariant.
Moreover, conditions (i) and (ii) of Lemma 3 are clearly satisfied. Thus we only
need to verify conditions (iii) and (iv). There are three constant solutions Eg, E1g
and E»o in Xj, corresponding, respectively, to y(¢) = 1,x1(t) = 0,x2(¢t) = O,
Y0 = yioxi() = ar(1—y1), x2(1) = 0, y(1) = ¥3, x1() = 0, x2(t) = «2(1 = y3).
From Theorem 3.3, it is easy to see that if invariant sets Eg, E19 and E»q are isolated,
{Eo, E10, E2o} is isolated and is an acyclic covering. The fact that Eq, Ejo and E»g
are isolated will follow from the following proof.

We now show that, WS(Ep) N X° = @, WS(E19) N X® = @ and W*(Ea) )
XY = 1. We restrict our attention to the first and second equations, since the proof for
the third is similar to the proof for the second. If it is not true, i.e., WS (Ep) [ X 0=y,
then there exists a positive solution (y(#), x1(), x2(¢)) to system (2.1) such that
(y(@®), x1(t), x2(t)) — (1,0,0) as t — 4o00. Let € be sufficiently small. Then we
have

y — — X1 (0)y(1) _
,Y(t) > 1 )’(t) A1+ B1y(®)+Cix1(t)+D1x1(2)y (1) €, (4 2)
X1(t) = —x1(t) + oy x) (t—=1))y(t=11) .

1 1 A1+B1y(t—11)+Cix1(t—1))+D1x(t—11)y(t—11)

Let us consider

(i) =1—¢€— — x1(0)y(@)

y(t) =1 € y(t) A1+B1y(t)+Cix1(t)+D1x1(2)y(t)° (4 3)
1) = —x1() + o xi (t—1)y(t—11) .
x1( 1 A+ B1y(—t)+Cix1 (—t)+Dix G-t y(—11)°

For convenience, we rewrite system (2.1) and (4.3) as

x(t):fl(tv-xl)3 and )'C(t):fé(tsxt)v

respectively. From Theorem 3.3, it can be seen that system (4.3) has unique equilibrium
E’(¥1, x1), X1 > 0 which is globally asymptotically stable. Note that y(¢, fg, f1) >
y(t, to, f2), x1(t, t0, f1) > x1(t, 20, f2) and lim,, yc x1(¢, o, f2) = Xx1. This is a
contradiction. Hence W*(Eo) (] X° = 4.
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Suppose that there exists a positive solution (y (), x1(¢), x2(¢)) to system (2.1) such
that (y(2), x1(t), x2(t)) — (y{,e1(1 — y),0) as t — +o0. Since Az + By < a,

@OUIZ0 - . Letty > 0 such that

we can choose ¥ > 0 small enough such that Tt BT

i —« < y(t) fort > t4. Then we have

a2x2(t — ) (] — &)

X2(1) = —x2(t) +
Ay + Bo(yf — k) + Coxa(t — 12) + Doxa(t — 1) (¥ — k)

for t > t4. Let us consider

ax(t — 1) (y) — K)
Az + B2(yf — k) + Cox(t — ) + Dax(t — 02) (yf — k)

X(t) = —x(1) + 4.4

o (yF—K)
A2_+l(‘3}21(YT—K) > 1
Hence, if x(¢) is a solution to (4.4) satisfying x (1) = xo, it follows that x(¢) — +o0.
Note that x> () > x(t) for t > t4, so that we have x,(f) — +o0. This contradicts
x2(¢) — 0. At this time, we are able to conclude from Lemma 3 that X repels the
positive solutions to (2.1) uniformly. Incorporating this into Theorem 2.2, we can see
that system (2.1) is permanent.

Let xo > O be small enough such that xyo < x2(#4). Note that

Theorem 4.2 If conditions (Al)—(A4) hold, then the positive equilibrium E™ is glob-
ally asymptotically stable.

Proof From Theorem 2.3, there exists a unique positive equilibrium. Let us define

X1(1) = %T”) Xa(t) = %ﬁm

It follows from Theorem 2.1 that

y() =1+¢e@) — X1(1) — X2(1).

Therefore (X1(t), X»(¢)) satisfies the following two-dimensional delay differential
equations:

; _ a1 X1 (t—1)(I4e()=X1(t)—X(1))
X1(nH= Xl(l)+A1+Bl(l+s(t)fX1(t) Xz(t))+Clot1X11(t TD+D othl(t AT —X(O—X2(0)
Xo ()= — Xo()+ a0 Xo (=) (I+e(0)—X; (1) =X5 (1)

2 2T A+ B (T+e (=X (D—X2 () +Coon X2 (1— rz)+DzazX2<z ) (I+e(O—X 1 (D—X2(D)°

(4.5)

It is obvious that ET = (X7, X3) is the unique positive equilibrium of (4.5), where

X = Z—T, X5 = 2 Now we only need to show that E* = (X}, X3) is globally
1, a
asymptotically stable.
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First we will show that Et = (X7, X3) is a locally stable point of system (4.5).
Let us define the following auxiliary functions:

a X1(1+Z-X—X3)

F(X1,X2,2) = =X1 + A|+Bl(1+ZfX|7X2)g+(?1ale}(+D&a|)X1(l+ZfX17X2)’
— AU —Z4—X1—A2
G(X1, X2, 2) = =Xo + G 3R 02X~ X0 +Cran Kot Do o (T—Z—X1 =)
4.6)
After some algebra, we can obtain
IF(X1,X2,Z) 0F(X1,X2.2)
39X 9X
06(X1.X2.2) 3G(X1.X2.2) > 0. 4.7

X1 dX»> (X*,X;,O)
Because of the implicit function theorem, we can conclude that there are two functions
X1 =X1(2), X2 = X2(2)

defined by (4.6) in the neighborhood of Z = 0. However,

’ _ 0Z X, X 09X
X1 (Dl (x1.x3.00 = = | 06(X1.%2.2) 9G(X1.X2.2) 06(X1.X0.2) 06X 1.%0.2) | > 0:
97 X, 2 o)

OF(X1,X7,Z) 0F(X1,X2,72) ‘/‘ O0F(X1,X7,Z) 0F(X1,X2,2)

0F(X1,X3.2) 3F(X(.X2.7) 0F(X1,X3.2) 3F(X(.X2.Z)
/ _ 9X, 0z 9X, 9X,
XDl x7.x3.00 = — | 16(X1.%0.2) 9G(X1X2.2) 1G(X1.%0.2) 9G(X1.X0.2) | <0
X, 0z X, 2X,

Let & > 0, and define the following comparison differential equations:

; _ a1 X (=1 (+e—=X1(1)—X2(1)
X10) = =X10) + G e X =X )3 Cra Xy =)+ Dy X1~ (TFe= X 0-X2 @)
X' (1) = —Xo(t) + ap Xo(t—1)(1—e—X1(t)—X2(t))
W ==42 A+ B (T—e=X | (- X2 () FCra2 Xo (—12)+ Drar X2 (1= 1) (1= =X (1) =X, (1))’

4.8)
; _ a1 X (t—1)(I—e=X1(1)—X2 (1)
X1 = =X10) + G T X =X )3 Cra Xy (—e)+ Dy K1 (e (T—e =X 0-X2 @)
X () = —Xo(t) + ap Xo (t—=1)(1+e=X1 (1) =X (1)
200 = =X0) + g e X = X2 ()4 Coay X (=) Dyay Ko =) (16 =X (=X
4.9)

When ¢ is sufficiently small, by the implicit function theorem, (4.8) and (4.9) admits
unique positive equilibria £4 (X7, X5_) and E_(X]_, X3, ), respectively. Further-
more, from the sign of X;(Z), X»(Z), it follows that E_ <; ET <; E, and
E_. — ET,E, — E* ase — 0, where “<;” (“<}”) is a notation, which means

that if z = (x,y) and z = (X, y), we write z < zZ(<; z) if x < X(x < X) and
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y > y(y > y). Obviously, (4.6), (4.8) and (4.9) are competitive systems. For conve-
nience, let us rewrite system (4.6), (4.8), (4.9) as

X'zf&‘(t)(tvx)v X=f+€(t1X)a X.szé‘(tvx)v
respectively. From the comparison theorem, we have
X(t, 10, f—c, ) <k X, 10, fer),0) <k X, 10, [1e,®).

Thus we have £_ <k X(t, 10, fer),0) <k 12"+ for all ¢ such that E_ <k @ <k E+
and 7 > fo. This implies that the positive equilibrium E* = (X7}, X3) is a local stable
point.

Second, we will show that the positive equilibrium E* = (X7, X3) is global
attractor of system (4.5). Considering the following limiting system:

¢ - _ a1 X (=D =X 1 (1)=X(1)
[X1(t)— X))+ A+B (—X,()— Xz(t))+C1a1X1(r }()+D1X1 B(r TI—X10)—X2(1)°

; ap Xo(t—1)(1=X 1 (t)—
X2(0) = —X2() + IEBTE OG0 R G = D = =X =X

(4.10)
Let us rewrite system (4.10) as
X = g(t, x).
System (4.10) is a competitive system and has a unique positive equilibrium E* =

(X%, X3) and two boundary equilibria E1g = (X{,0), Ex = (0, X3), where X¢ =
Z—‘l, X g = 2—22 From Theorems 2.2 and 4.1 it follows that there exists a { > 0 such that

23]
<11m1an1(t)<11msu Xit) < ——— —¢,
¢ H+oop C1 + Dy ¢
az
< 11m 1an2(t) < limsup X»(¢) < —Z.
‘ t—>+o<IJ) ( Cr+ Dy ¢

Thus, without loss of generahty, we can always assume that the initial data (¢1, ¢2) for
system (4.10) satisfy (. X3—0) <k (pr.92) <k (X =2, 0). Letgy = (£, X3 —0)
and ¢ = (X? g“, g“). Then there existsat; > Osuchthat¢) <x X;, (¢, 91, g) andan,
such that X, (¢, ¢2, g) <k ¢2. Therefore X (¢, ¢1, g) and X (¢, ¢2, g) both converge to
the unique equilibrium E* = (X7, X3) as 1 — oo. For any initial data ¢ that satisfies
@1 <k ¢ <k ¢ monotonicity implies that X (¢, 1, g) <x X (¢, ¢, g) <k X(t,¢2,2)
for r > 0. Since X (¢, ¢1, g) and X (¢, ¢2, g) both converge to the unique equilibrium
Et = (X}, X5) ast — oo, it follows that X (¢, ¢, g) converges to ET = (X7}, X3) as
t — o0, i.e., the positive equilibrium E™ = (X7, X3) is a global attractor of system
(4.10), furthermore, ET = (X¥, X 3) is a global equi-attractor of system (4.10). Let
o1 be arbitrary, for any initial data ¢ satisfying ¢1 <y ¢ <k ¢», there exists a Ty,
which is only dependent on o such that (X (1), X2(¢)) € U((XT, X3), 071). Note that
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the solution of differential equations depends continuously on the parameters. Hence
there exists a op > 0 such that

o1

|X(t7 @, f:l:&‘) - X(t9 (78 g)l < 7
for all ¢ < o7 and ¢t € [0, T1]. Thus there exists a 75 such that (X, ¢, fe(r)),
Xao(t, ¢, fewr)) € U(X], X3),01) for t > T, and any initial data ¢ satisfies ¢ <
¢ <i ¢», i.e., the positive equilibrium ET = (X7, X;‘) is global attractor of system
(4.5). This completes the proof.

In a similar way, we can show the following theorems.

Theorem 4.2 If conditions (A1)—(A3) and the reverse of (A4) hold, then the boundary
equilibrium E19 = (y{, a1(1 — y}), 0) is globally asymptotically stable.

Theorem 4.3 If conditions (Al), (A2), (A4) and the reverse of (A3) hold, then the
boundary equilibrium Exy = (y5, 0, az2(1 — y3)) is globally asymptotically stable.

5 Discussion

In this paper we analyze a Chemostat model with the Crowley—Martin functional
response and delayed response in growth. This model incorporates time delays that
allow for cellular components of each competing species to be structured to include
unassimilated or stored nutrient. Then, by use of the traditional analysis technique for
transcendental equations [16], we give the local asymptotic stability of the equilibria
of (3.1). Based on Lyapunov-LaSalle principle for functional differential equations,
we completely obtain global asymptotic stability and global attraction of the washout
equilibrium of (3.1). Be inspired by Huang and Takeuchi [19], we construct a Lya-
punov functional and show that the positive equilibrium of (2.1) is globally asymptot-
ically stable. Our results show that time delay is factually harmless for the local and
global asymptotic stability of the equilibria of (2.1). Finally, using the same method
as [9], we obtain the global stability of the system (2.1) via monotone dynamical sys-
tems. The results in the paper include some known results for Holling type I and II
functional response models as special cases. In theory, if A = 0, D = 0, (2.1) will
be the Michaelis—Menten ratio-dependent model [20]; if D = 0, (2.1) will be the
Beddington—DeAngelis model [9].
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